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Abstract This article reviewed anomalous diffusion phe-
nomena coupled with facile and sluggish charge-transfer
reactions at fractal interface. Firstly, the generalised diffu-
sion equation (GDE) involving a fractional derivative which
describes diffusion towards and from fractal interface was
briefly introduced. And then, anomalous diffusion coupled
with facile charge-transfer reaction at fractal interface, i.e.,
diffusion-controlled transfer process across fractal interface,
was mathematically examined by the generalised Cottrell,
Sand, Randles-Sevcik and Warburg equations theoretically
derived from the analytical solutions to the GDE under the
semi-infinite boundary condition. Finally, in order to pro-
vide a guideline in analysing anomalous diffusion coupled
with sluggish charge-transfer reaction at fractal interface,
i.e., non-diffusion-controlled transfer process across fractal
interface, this review covered the recent researches into the
effect of surface roughness on non-diffusion-controlled
transfer process within the intercalation electrodes.
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Generalised diffusion equation . Diffusion-controlled
transfer process . Non-diffusion-controlled transfer process

Abbreviations BC: Boundary condition . CPE: Constant
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Introduction

Ordinary diffusion which obeys Fick’s second law is char-
acterised by the linear time dependence of a mean squared
displacement (MSD) expressed as:

r2ðtÞ� � / t (1)

where r is the displacement of the diffusion species after the
time t. However, if the MSD does not obey Eq. (1) but has a
power law dependence on t given as:

r2ðtÞ� � / t2=dW (2)

where dW is the anomalous diffusion exponent (dW>1), the
processes are termed anomalous diffusion, which no longer
follows Fick’s second law.

Actually, anomalous diffusion is observed in a wide
range of different fields: Richardson turbulent diffusion
[1–4], charge carrier transport in amorphous semicon-
ductors [5–11], diffusion of a scalar tracer in an array of
convection rolls [12], dynamics of a bead in a polymeric
network [13, 14], transport in turbulent plasma [15], col-
lective slip diffusion on solid surfaces [16], bulk-surface
exchange controlled dynamics in porous glasses [17–19],
diffusion in fractal media [20–28], diffusion towards and
from fractal interface (diffusion in a dense object with fractal
surface) [29–38] etc. In order to describe anomalous
diffusion theoretically, many researchers have extensively
used the continuous time random walk (CTRW) model [39,
40] as well as kinetic equations with a fractional derivative
[40–42]. Fractional kinetic equations allow one to explore
various boundary conditions and to study the phenomena of
various kinetic processes in external fields, so fractional
kinetic equations have recently attracted more attention than
CTRW model as a powerful tool for the description of
anomalous diffusion.

Diffusion towards and from fractal interface, especially,
has been of interest in electrochemistry because it provides
crucial clues to solve problems arising from the irregular
electrode/electrolyte interface in various electrochemical
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processes. Thus, there have been considerable theoretical
and experimental researches into diffusion towards and from
the fractal electrode/electrolyte interface by using electro-
chemical methods such as potentiostatic current transient
(PCT) [33, 38, 43–46], linear sweep/cyclic voltammetric [34,
38, 47–49] and alternating current (AC) impedance [50–52]
experiments. In most cases, various electrochemical re-
sponses which result from diffusion towards and from the
fractal electrode/electrolyte interface have been analysed
based upon the condition of the diffusion-control which as-
sumes that the rate-controlling step is the diffusion process.

When the electrochemical process is purely controlled by
the diffusion process, the electrochemical responses at the
fractal electrode/electrolyte interface obey the generalised
Cottrell, Sand, Randles-Sevcik and Warburg relations [38].
These generalised equations can theoretically be derived
from the analytical solutions to the generalised diffusion
equation (GDE) involving the fractional derivative [32, 38,
53–55], which is sometimes termed the fractional diffusion
equation (FDE) in the literature, under the diffusion-con-
trolled and semi-infinite boundary conditions. In the liter-
ature, they were theoretically verified via Monte Carlo
(MC) simulations of random walk [31, 33, 34, 36, 37, 56–
61] and also experimentally justified by the diffusion-con-
trolled electrochemical methods [33, 34, 38, 43–52].

Unfortunately, in the case of the non-diffusion-controlled
electrochemical process, the generalised equations derived
under the diffusion-controlled and semi-infinite diffusion
boundary conditions are not valid any more. Nevertheless,
relatively little attention has been paid to the electrochem-
ical responses at the fractal electrode/electrolyte interface
under the non-diffusion-controlled boundary condition, e.g.,
the constraint of mixed control, because of its complicated
schemes.

There have been some attempts to investigate the elec-
trochemical responses at the fractal electrode/electrolyte
interface where the constraint of mixed control is imposed.
de Levie and Vogt [62] derived explicit equations for the
current response to a potential step, i.e., the PCT, at a fractal
interface with self-similar scaling property, by employing
the Laplace transform method, in case a sluggish charge-
transfer process is operative. Furthermore, Kant and
Rangarajan [63] formulated kinetic theories of the diffusion
process involving finite charge-transfer rates using the
perturbation approach, and especially the authors provided
analytical expressions for the PCT at fractal interfaces with
various morphological features. However, the above work
is oversimplified [62] or quite theoretically oriented [63], so
it is very difficult to completely or straightforwardly grasp
the behaviours of the PCT at the fractal interfaces when
diffusion is coupled with sluggish charge-transfer reaction.

Recently, Pyun and his co-workers [61, 64–66] have
systematically studied how the surface roughness affects
atomic diffusion within the intercalation electrodes under the
non-diffusion-controlled constraint by using theoretical [61,
64] and experimental [65, 66] methods: hydrogen transport
through the hydride-forming electrode under the constraint

of atomic diffusion coupled with interfacial charge-transfer
[61, 66] and lithium transport through the Li1−δCoO2 elec-
trode under the cell-impedance-controlled constraint [64,
65].

The works of Pyun et al. may have attracted attention to
the researchers who devote themselves to investigating ki-
netics of transfer processes in various systems because these
works first manifested the fractal-to-flat transition and vice
versa under the constraint of mixed control [61] and they
gave a guideline in analysing the electrochemical responses
at fractal interface in a realistic regime.

The present article deals with anomalous diffusion to-
wards and from fractal interface. This review article is
composed of the following: the article starts off with a brief
introduction of the GDE, which mathematically describes
diffusion towards and from fractal interface, and then over-
views the electrochemical responses at fractal interface
where the diffusion-controlled constraint is imposed by
using the analytical solutions to the GDE. Finally, the elec-
trochemical responses at fractal interface where the non-
diffusion-controlled constraint is imposed are discussed in
detail for the hydrogen transport under the constraint of
hydrogen diffusion coupled with interfacial charge-transfer
[67–71] and for the lithium transport under the cell-imped-
ance-controlled constraint [46, 72–75].

Mathematical description of diffusion
towards and from fractal interface: GDE or FDE

The modelling of diffusion in fractal media and diffusion
towards and from fractal interface is one of the most sig-
nificant applications of fractional derivatives [76]. Although
each fractional differential equation to describe diffusion in
fractal media and diffusion towards and from fractal interface
is equally termed the GDE (or FDE), in this review, we
considered the GDEmean the fractional differential equation
to describe diffusion towards and from fractal interface.

For the description of transfer processes across fractal
interface (in the sense ofMandelbrot [77]), LeMehaute [29,
30] proposed the Transfert d’Energie sur Interface à
Similitude Interne (TEISI) model which treats the thermo-
dynamics of irreversible processes. In the linear approxi-
mation of the thermodynamics of irreversible processes, the
macroscopic flow of an extensive quantity across fractal
interface J(t) is described by a generalised transfer equation
which is expressed as:

dð1=dFÞ�1

dtð1=dFÞ�1
JðtÞ ¼ K0�X ðtÞ (3)

where dF is the fractal dimension, K0 is the constant and
ΔX(t) represents the local driving force.

The GDE involving the fractional derivative was explic-
itly introduced in physics by Nigmatullin [32] to describe
diffusion across the surface with fractal geometry and was
mathematically studied by Wyss [53], Schneider and Wyss
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[54] andMainardi [55]. In the simplest case of spatially one-
dimensional diffusion of lithium, it is expressed as [38]:

@ 3�dFcðx;tÞ
@t3�dF

¼ eD� @
2cðx;tÞ
@x2

2 � dF<3ð Þ (4)

where c(x,t) is the local concentration of diffusing species, x
the distance from fractal interface, eD� the fractional diffu-
sivity defined as K4�2dFAdF�2

ea
eD3�dF (K is a constant related

to dF of fractal interface, Aea is the time-independent elec-
trochemically active area of flat interface and eD represents
the chemical diffusivity of diffusing species) and ∂v/∂tv
means the Riemann–Liouville mathematical operator of the
fractional derivative:

@ �y

@t�
¼ 1

�ð1� �Þ
d

dt

Z t

0

yð�Þ
ðt � �Þ� d� (5)

where Γ(1−ν)is the gamma function of (1−ν).
The procedure of the mathematical derivation of Eq. (4)

was rigorously checked by Dassas and Duby [38]. Based
upon the concept of the generalised transfer equation (Eq. 3),
the flow at fractal interface JF(x,t) is given as [38]:

JF x;tð Þ ¼ @

@t
eDF tð Þ� @c x;tð Þ

@x

� �� �
(6)

where * is the convolution operator and eDF tð Þ represents the
time-dependent diffusivity defined as:

eD F tð Þ ¼ eD� t2�dF

� 3� dFð Þ (7)

By using Eq. (6), diffusion towards and from fractal
electrode is mapped to a one-dimensional diffusion in
Euclidean space as follows:

AeaJF x; tð Þ ¼ AF tð ÞJE x; tð Þ (8)

where AF(t) is the time-dependent area of fractal interface

defined as k2�dFAdF=2
ea ðeDtÞ 2�dFð Þ=2

(k is a dimensionless
constant) and JE(x,t) represents the flow at planar interface
given by Fick’'s first law. Consequently, this mapping
process leads to the generalisation of Fick’s second law
(Eq. 4) by the substitution of @ 3�dF

�
@t3�dF and eD� for ∂/∂t

and eD , respectively. When dF equals 2, Eq. (4) becomes
the usual Fick’s second law for diffusion towards and from
flat electrode/electrolyte interface.

Diffusion towards and from fractal interface
coupled with facile charge-transfer reaction
(diffusion-controlled condition)

Analytical solutions to the GDE

Now let us examine the analytical solutions to the GDE of
Eq. (4) at the potentiostatic, galvanostatic, linear sweep/
cyclic voltammetric and AC impedance experiments under
the assumption of the semi-infinite diffusion coupled with
facile charge-transfer reaction. These four analytical
solutions for the potentiostatic, galvanostatic, linear
sweep/cyclic voltammetric and AC impedance experiments
refer to the generalised Cottrell, Sand, Randles-Sevcik and
Warburg equations, respectively. Recently, their derivation
was rigorously checked by Dassas and Duby [38] using
Laplace transform of the fractional derivative.

For the derivation, the initial condition (IC) and the
boundary condition (BC) for the semi-infinite diffusion are
given as:

IC: cðx;0Þ ¼ cb for 0 � x < 1 (9)

BC: c 1;tð Þ ¼ cb at t � 0 semi� infinite constraintsð Þ
(10)

where cb is the bulk concentration of the diffusing species.

Generalised Cottrell equation

During the potentiostatic experiment, the BC at the elec-
trode/electrolyte interface for the diffusion-controlled con-
dition is given as:

BC: c 0;tð Þ ¼ 0 at t > 0 potentiostatic constraintsð Þ
(11)

From the Laplace transforms of Eqs. (4), (9), (10) and
(11), the generalised Cottrell equation which describes the
response of the current I on the potential step ΔE applied
on the electrode is obtained as the following equation [38]:

I tð Þ ¼ zFAea

ffiffiffiffiffiffieD�
p

cb

� 3�dF
2

	 
 t� dF�1ð Þ=2

¼ zFAdF=2
ea K2�dF ~D 3�dFð Þ=2cb

� 3�dF
2

	 
 t� dF�1ð Þ=2
(12)
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where I(t) is the current as a function of t, z is the valence of
the diffusing species and F represents the Faraday constant
(=96,487 C mol−1). The Cottrell equation for ordinary dif-
fusion is retrieved for dF=2.

Figure 1 gives the PCTs theoretically determined from
Eq. (12) as a function of dF. Considering lithium diffusion in
Li1��CoO2 film electrode, the values of the parameters in-
volved in Eq. (12) were taken as z=1, Aea ¼ 1 cm2; K=1,eD ¼ 1� 10�10 cm2 s�1 and c b ¼ 1� 10�3 mol cm�3 [46].
The PCTs clearly exhibited a linear relationship between the
logarithm of current and the logarithm of time showing the
power exponent of −(dF−1)/2.

Generalised Sand equation

During the galvanostatic experiment, the BC at the elec-
trode/electrolyte interface for the diffusion-controlled con-
dition is given as:

BC:
@cðx;tÞ
@x

� �
x¼0

¼� Iapp

zFAeaeDF tð Þ at t>0

galvanostatic constraintð Þ
(13)

where Iapp is the applied current.
From the Laplace transforms of Eqs. (4), (9), (10) and

(13), the generalised Sand equation, which describes the
relationship between the constant Iapp applied on the
electrode and the transition time τ which is the time needed

for the concentration of diffusing species to drop to zero at
the electrode/electrolyte interface, is obtained as the
following equation [38]:

Iapp ¼ zFAea

ffiffiffiffiffiffieD�
p

cb�
dF þ 1

2

� �
��ðdF�1Þ=2

¼ zFAdF=2
ea K2�dF eDð3�dFÞ=2cb�

dF þ 1

2

� �
��ðdF�1Þ=2

(14)

The Sand equation for ordinary diffusion is retrieved for
dF=2.

Figure 2 shows the plot of Iapp vs τ theoretically deter-
mined from Eq. (16) as a function of dF by taking the values
of the parameters involved in Eq. (16) as z=1, Aea=1 cm2,
K=1, eD ¼ 1� 10�10 cm2 s�1 and cb¼ 1� 10�3 mol cm�3:
It is clearly observed that a linear relationship between the
logarithm of current and the logarithm of transition time
exhibited the power exponent of -(dF−1)/2.

Generalised Randles-Sevcik equation

In order to obtain the generalised Randles-Sevcik equation,
let us consider the redox reaction between the oxidised
species Ox and the reduced species Red, i.e., Ox+ze=Red,
with a solution initially containing onlyOxwhose concentra-
tion is equal to be cb. The electrode is initially subjected to an
initial electrode potential Eini where no reaction takes place.
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Fig. 1 Plot of the current I vs the time t theoretically determined
from Eq. (12) as a function of the fractal dimension dF for diffusion
in the fractal electrode during the potentiostatic experiment. The
values of the parameters involved in Eq. (12) were taken as z=1,
Aea=1 cm2, K=1, eD ¼ 1� 10�10 cm2 s�1 and cb ¼ 1� 10�3 mol
cm�3
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Fig. 2 Plot of the applied current Iapp vs the transition time τ
theoretically determined from Eq. (14) as a function of the fractal
dimension dF for diffusion in the fractal electrode during the
galvanostatic experiment. The values of the parameters involved in
Eq. (14) were taken as z=1, Aea=1 cm2, K=1, eD ¼ 1� 10�10 cm2
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For the sake of simplicity, it is assumed that the diffusivities of
Ox and Red are equal, i.e., eD ¼ eDOx ¼ eDRed: During the
linear sweep/cyclicvoltammetricexperiments, thepotential is
linearly increased or decreasedwithE(t)=Eini± νt, whereE(t)
is the electrode potential as a function of t, ν is the potential
scan rate and the signs “+” and “−” represent anodic scan and
cathodic scan, respectively. Under the assumption that the
redox couple is reversible, the surface concentrations of Ox
andRed, i.e., cOx 0;tð Þ and cRed 0;tð Þ; respectively, are always
determined by the electrode potential E expressed as the
followingequationwhich isderivedfromtheNernstequation:

E ¼ E1=2 þ RT

zF
ln

cOx 0;tð Þ
cRed 0;tð Þ

� �
(15)

where E1/2 means the half-wave potential, i.e., the potential
bisecting the distance between anodic and cathodic peaks in a
cyclicvoltammogram,R is thegasconstant (=8.314Jmol−1K
−1) and T is the temperature.

Under this circumstance, the generalised Randles–Sevcik
equation which explains the power dependence of the peak
current Ipeak on ν can be derived fromEq. (4) as follows [38]:

Ipeak ¼ 0:2518 zFð Þ3=2Aea

ffiffiffiffiffiffieD�
p

c b

ðRTÞ1=2 �
dF � 1

2

� �
� ðdF�1Þ=2

¼ 0:2518 zFð Þ3=2AdF=2
ea K2�dF eDð3�dFÞ=2c b

RTð Þ1=2 �

dF � 1

2

� �
�ðdF�1Þ=2

(16)

The Randles-Sevcik equation for ordinary diffusion is
retrieved for dF=2.

Figure 3 presents the plot of Ipeak vs ν theoretically
determined in Eq. (16) as a function of dF by taking the values
of the parameters involved in Eq. (16) as z=1,Aea=1 cm

2,K=1,eD ¼ 1� 10�10 cm2s�1; c b ¼ 1� 10�3 mol cm�3 and
T=298 K. The power dependence of Ipeak on ν with the
power exponent of (dF−1)/2 can be confirmed in Fig. 3.

Generalised Warburg equation

The electrochemical impedance of diffusion in a spatially
restricted layer has extensively been studied as a tool for the
electrochemical characterisation of the intercalation elec-
trodes whose one side is impermeable [78–83]. In AC
impedance experiment, i.e., electrochemical impedance
spectroscopy (EIS), a small sinusoidal signal of E(t) super-
imposed onto the electrode with the reversible potential Erev

is given as:

E tð Þ ¼ Erev þ " sin!t (17)

where ɛ is a constant which represents a perturbation
amplitude (usually 5 mV in AC impedance experiment) and
ω means the angular frequency.

Under this circumstance, the diffusion impedance Zd(ω)
under the impermeable boundary condition can be derived
from Eq. (4) as follows [82, 83]:

Zd !ð Þ ¼ L

zFAeaeD�
dE

dc

� � coth j!ð Þ 3�dFð ÞL2
.eD�

h i1=2
j!ð Þ dF�1ð ÞL2

.eD�
h i1=2

(18)

where L is the thickness of the electrode. Zd(ω) for a planar
electrode with the flat surface is retrieved for dF=2.

Figure 4a,b gives the typical AC impedance spectra in
Nyquist representation and the variations of the phase angle θ
with logω, respectively, theoretically calculated from Eq.
(18) as a function of dF by assuming L ¼ 1� 10�5 cm , z=1,
A=1 cm2, eD ¼ 1� 10�10 cm2s�1 and (dE/dc)=20 V cm3

mol-1. TheAC impedance spectrum obtained from the fractal
electrode deviates more considerably from the ideal behav-
iour for dF=2 with rising dF.

In Fig. 4b, it should be noted that Zd(ω) clearly shows a
power law behaviour of frequency dispersion, with the
constant value of θ in the high-frequency range. This
means the appearance of the Warburg impedance in the

high-frequency regime, ! >> eD.L2: As a matter of fact,
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Fig. 3 Plot of the peak current Ipeak vs the potential scan rate ν
theoretically determined from Eq. (16) as a function of the fractal
dimension dF for diffusion in the fractal electrode during the linear
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at high frequencies, Eq. (18) reduces to the generalised
Warburg equation given as [38]:

Zd !ð Þ ¼ 1

zFAea

ffiffiffiffiffiffieD�
p dE

dc

� �
j!ð Þ� dF�1ð Þ=2 (19)

which represents the constant phase element (CPE)
behaviour whose exponent is (dF−1)/2.

Diffusion towards and from fractal interface
coupled with sluggish charge-transfer reaction
(non-diffusion-controlled condition)

Hydrogen transport under the constraint of hydrogen
diffusion coupled with interfacial charge-transfer

Recently, it has been reported [67–71] that hydrogen trans-
port through the hydride-forming electrodes such as Pd and
metal hydrides (MHx) proceeds under the condition where
hydrogen diffusion in the electrode is coupled with the
charge-transfer reaction at the electrode/electrolyte inter-
face, when the hydrogen extraction potential is kept below a
certain value during the potential jump and the potential
scan rate ν is kept below a critical value during the potential
scan. Under this constraint of mixed control where the rate
of the interfacial charge-transfer is determined by the Butler–
Volmer equation, Lee and Pyun [61] investigated a transport
phenomenon in the hydride-forming electrode with fractal
surface by using the kinetic MC simulation of random walk.

Now we will introduce Lee and Pyun’s theoretical work
[61] since they first manifested the fractal-to-flat transition
and vice versa under the constraint of mixed control and
gave a guideline in analysing the experimental data of the
PCT and linear sweep voltammogram (LSV) measured on
the hydride-forming electrodes with fractal surfaces.

Firstly, in order to obtain the self-affine fractal interface
boundary between the electrode and the electrolyte, Lee
and Pyun [61] employed the Weierstrass function fWS

expressed as [60, 84]:

fWS yð Þ ¼
XN
j¼1

b dF;sa�2ð Þ j cos b jy
	 


(20)

where dF,sa denotes the self-affine fractal dimension of the
function and b and N are the constants. Lee and Pyun [61]
constructed the self-affine fractal profiles with dF,sa=1.3
and 1.5 by taking the values of b and N as 1.5 and 50,
respectively. Considering that the diffusing atoms/ions
sense the self-similar scaling property of the self-affine
fractal surface due to their random motion in all directions
[46, 49, 60], Lee and Pyun [61] estimated the self-similar
fractal dimensions dF,ss of the constructed self-affine
fractal profiles with dF,sa=1.3 and 1.5 to be dF,ss=1.32 and
1.47, respectively, using a triangulation method [60, 85].

Afterwards, Lee and Pyun [61] theoretically computed
the PCT and the LSV from the flat and fractal MHx elec-
trodes by using the kinetic MC simulation of random walk
under the constraint of hydrogen diffusion coupled with the
interfacial charge-transfer along with the semi-infinite con-
straint. In their calculation, the electrode potential curve for
the hydride-forming electrode, i.e., the plot of E vs the
dimensionless hydrogen content x in MHx, was derived
from the Nernst equation. In addition, the dimensionless
jump probability of hydrogenWtr across the electrode/elec-
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trolyte interface was defined by the same form as the Butler-
Volmer equation:

Wt r ¼ f exp
ð1� �ÞF

RT
Eapp � E tð Þ	 
� �

� exp � �F

RT
Eapp � E tð Þ	 
� �� �

0 � Wtr < 1ð Þ (21)

where f designates the dimensionless conversion factor
which simply represents the exchange current I0 or the rate
constant of charge-transfer k0 in I0,α the transfer coefficient
for hydrogen reduction, 1–α the transfer coefficient for hy-
drogen oxidation and Eapp the applied potential. Here, fwas
arbitrarily taken as the value below unity, keeping in mind
that the current under the constraint of mixed control is
always lower in value than the current under the diffusion-
controlled constraint [61]. Accordingly, Wtr in Eq. (21) is
the dimensionless parameter with the value below unity
0 � Wtr < 1ð Þ:
Figures 5 and 6 give on a logarithmic scale the resulting

PCTs and plots of Ipeak vs ν, respectively, calculated from
the flat MHx electrode with dF,ss=1.0 and the fractal MHx

electrodes with dF,ss=1.32 and 1.47 under the constraint of
hydrogen diffusion coupled with interfacial charge-transfer
with f ¼ 2� 10�3: In Fig. 5, the logarithmic PCT com-
puted from the flat MHx electrode with dF,ss=1.0 showed a
typical feature of the PCT under the constraint of mixed

control [58, 71]: an absolute slope of logI with logt flatter
than 0.5, followed by its monotonic increase with time. On
the other hand, it is noticeable that an inflexion point ap-
peared at t≈1,200MCS (Monte Carlo step) in both the PCTs
simulated from the fractal MHx electrodes with dF,ss=1.32
and 1.47.

In parallel, in Fig. 6 obtained from the LSVs calculated
at various ν, Ipeak determined from the flat MHx electrode
with dF,ss=1.0 was linearly proportional to ν to the power
of 0.517 over the whole scan rate range. On the other hand,
the plots of logIpeak vs logν obtained from the fractal MHx

electrodes with dF,ss=1.32 and 1.47 consisted of two
straight lines who intersect at the transition potential scan
rate: the LSVs from the fractal MHx electrodes exhibited a
less positive power dependence of Ipeak on ν at ν above the
transition potential scan rate, compared with the general-
ised Randles–Sevcik relation expressed in Eq. (16), viz.,
Ipeak∝ν0.635 for dF,ss=1.32 and Ipeak∝ν0.687 for dF,ss=1.47.
Subsequently, the values of logIpeak were linearly propor-
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Fig. 5 Potentiostatic current transients on a logarithmic scale
calculated from the flat MHx electrode with dF,ss=1.0 and the fractal
MHx electrode with dF,ss=1.32 and 1.47 by jumping the initial
electrode potential of 0.024 V to the hydrogen extraction potential of
0.08 V under the constraint of hydrogen diffusion coupled with
interfacial charge-transfer with f¼ 2� 10�3. For the sake of clear
distinction between the simulated data, the values of I for dF,ss=1.32
and 1.47 were multiplied by the factors 2.0 and 4.0, respectively [61]
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Fig. 6 Plots of the peak current Ipeak vs the potential scan rate ν
calculated from the flat MHx electrode with dF,ss=1.0 and the fractal
MHx electrodes with dF,ss=1.32 and 1.47 by scanning the applied
potential from −0.3 to 0.3 V at various ν from 1×10−5 to 1×10−2 V
MCS–1 under the constraint of hydrogen diffusion coupled with
interfacial charge-transfer with f¼ 2� 10�3. For the sake of clear
distinction between the simulated data, the values of Ipeak for dF,ss=1.32
and 1.47 were multiplied by the factors 2.0 and 4.0, respectively [61]
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tional to logν with slopes of 0.524 and 0.532 for dF,ss=1.32
and 1.47, respectively, at ν below the transition potential
scan rate. The values of the transition potential scan rate
were determined to be approximately 1.3×10−4 V MCS-1

as well, as presented in Fig. 6.
Finally, Lee and Pyun [61] discussed the effect of the

interfacial charge-transfer kinetics on the fractal-to-flat tran-
sition behaviour of atom transport based upon the simulated
data. From the concentration profiles of hydrogen in the
fractal MHx electrode, it was suggested that under the con-
straint of mixed control, the inflexion point of the PCT in
Fig. 5 and the transition potential scan rate of the plots of Ipeak
vs ν in Fig. 6 are caused by the fractal-to-flat transition and
vice versa, respectively: namely, the inflexion point of the
PCTcorresponds to the temporal outer cut-off τ0 of fractality,
and the transition potential scan rate of the plots of Ipeak vs ν
corresponds just to the slow threshold scan rate ν0 which
characterises τ0 during the potential scan.

Lee and Pyun [61] found that τ0 and ν0 determined under
the constraint of mixed control were much longer and slower
in value, respectively, than those values determined under the
diffusion-controlled constraint. Furthermore, under the con-
straint of mixed control, the prolongation of τ0 was observed
as the values of the simulation parameters of f and ΔE
increased in the PCT and the reduction of ν0 appeared as the
value of f increased in the LSV. These results were explained
in terms of the growth rate of the diffusion layer by con-
sidering that the diffusion layer thickness serves as a yard-
stick length for probing the fractal topography of the
electrode surface during hydrogen transport [33, 44]: the
slow interfacial charge-transfer reaction decreases the growth
rate of diffusion layer, thus making τ0 and ν0 longer and
slower, respectively, under the constraint of mixed control.

From the rigorous theoretical study on the mixed-con-
trolled hydrogen transport through the hydride-forming
electrode by Lee and Pyun [61], we can recognise that the
temporal cut-off ranges under the constraint of mixed con-
trol during the potentiostatic current transient and linear
sweep voltammetric experiments are determined not only
by the spatial cut-off range of fractality and the hydrogen
diffusivity in the electrode, but also by the kinetic param-
eters, e.g., k0, and the experimental variables, e.g., ΔE,
governing the interfacial charge-transfer kinetics. Recently,
the above Lee and Pyun’s theoretical results [61] have been
confirmed by their experimental work using the Pd elec-
trode with fractal surface [66].

Lithium transport under the cell-impedance-controlled
constraint

From the theoretical [61] and experimental [66] studies
conducted by Lee and Pyun introduced in the preceding
section, one can obtain several qualitative results concerned
with the mixed-controlled atom transport through the elec-
trode with fractal surface. However, the application of those
results is limited to the model system where the electrode
potential curve follows the Nernst equation, so it is very
difficult to actually utilise those results obtained from that

work to the quantitative analysis of the experimental PCT
and LSV measured from the specific systems.

In this respect, Go and Pyun’s theoretical [64] and exper-
imental [65] works may have attracted more attention to the
researchers who devote themselves to investigating kinetics
of mass transport in various systems. They examined how
the surface roughness quantitatively affects lithium trans-
port through the Li1��CoO2 film electrode under cell-im-
pedance-controlled constraint in a more realistic regime by
using the numerical analysis of the GDE. They firstly de-
rived the numerical solution to the GDE based upon the
fractional calculus [76]. Before exploring their work, it
should be recognised that when diffusion in the fractal
media is governed by the GDE, the fractal-to-flat transition
never occurs during atom transport even though the film
thickness is long enough for the semi-infinite diffusion to
occur.

Go and Pyun [64] theoretically computed the PCT and
the LSV from the flat and fractal Li1��CoO2 film electrodes
by using the numerical solution to the GDE under the cell-
impedance-controlled constraint at the electrode/electrolyte
interface along with the impermeable constraint at the elec-
trode/current collector interface. In their calculation, they
took such simulation parameters as E, internal cell resis-
tance Rcell and lithium diffusivity eDLi as the experimental
data obtained directly from the fractal Li1��CoO2 film
electrode in their previous work [73].

The cell-impedance-controlled constraint at the elec-
trode/electrolyte interface and the impermeable constraint
at the electrode/current collector interface used in the cal-
culation of the PCT and the LSV are given as:

BC: �zFAea
eD F tð Þ @c x;tð Þ

@x

� �
x¼0

¼ Eapp � E tð Þ	 

Rcell

at t > 0 cell� impedance� controlled constraintð Þ
(22)

BC:
@c x;tð Þ
@x

� �
x¼L

¼ 0 at t > 0 impermeable constraintð Þ

(23)

In addition, I(t) was calculated from the following equation
which was obtained from the numerical analysis of Eq. (6):

I tð Þ ¼ �zFAeaeDF tð Þ @c x;tð Þ
@x

� �
x¼0

¼ zFAea
eDF tð Þ c 0;tð Þ � c �x;tð Þ

�x

(24)

Figure 7 shows on a logarithmic scale the PCTs calculated
from the flat and the fractal Li1��CoO2 film electrodes by
dropping E of 4.2 to 3.9 VLi/Li+. The values of L and Rcell at
4.2 VLi/Li+ are fixed as 2.0 μm and 10.0 Ω, respectively. All
the PCTs exhibited the three-stage behaviour which accom-
panies the relatively long electrode under the cell-imped-
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ance-controlled constraint: the logarithm of current de-
creased at first slowly with the logarithm of time, then it was
proportional to the logarithm of timewith a constant negative
slope, and finally it decayed exponentially.

It should be emphasised that the linear relationship
between the logarithms of current and time in the second
stage, whose absolute value of the slope increases with
increasing dF, as well as the non-linear relationship in the
first and third stages did not obey the generalised Cottrell
equation presented in Eq. (12). In addition, as dF increased,
the values of I during the first and second stages and the
time to transition of the second stage to the third stage
increased and decreased, respectively.

The values of Ipeak, which were obtained from the LSVs
calculated from the fractal Li1��CoO2 film electrodes with
different dF, are plotted against ν in Fig. 8 on a logarithmic
scale. The values of L and Rcell at 4.2 VLi/Li+ are fixed as
5.0 μm and 39.0Ω, respectively. For all the electrodes, Ipeak
showed the power dependence on ν in the region of ν
higher than the certain critical scan rate. However, it is
clearly recognised that this power dependence negatively
deviated from the generalised Randles–Sevcik relation
expressed in Eq. (16). As dF increased, Ipeak and the
critical scan rate as well as the power exponent just
increased in value.

From the concentration profile transients of lithium across
the Li1��CoO2 film electrode, it was suggested that under
the constraint of mixed control, the time to transition of the

second stage to the third stage in the PCT of Fig. 7 and the
critical scan rate of the plots of Ipeak vs ν in Fig. 8 are caused
by the transition of the semi-infinite diffusion to the finite
diffusion and vice versa, respectively: namely, the time to
transition of the second stage to the third stage in the PCT
corresponds to the characteristic time tch, and the critical scan
rate of the plots of Ipeak vs ν corresponds just to the char-
acteristic scan rate νch.

Based upon the above suggestion, Go and Pyun [64]
discussed the effect of the surface roughness on the cell-
impedance-controlled lithium transport. In Figs. 7 and 8, as
dF increased, the values of tch and I until tch in the PCT
decreased and increased, respectively, and the values of
Ipeak and νch in the LSV just increased. This result means
that the surface roughness enhances the cell-impedance-
controlled lithium transport, and it is readily expected from
the fact that the surface roughness markedly results in the
increase in eDF tð Þ according to Eq. (7).

However, it should be noted that, in reality, the apparent
increase in eDF tð Þ just implies the real increase in AF(t), i.e.,
electrochemically active area, since the GDE was derived
by the mapping of diffusion towards fractal electrode with
the time-dependent areaAF(t) to one-dimensional Euclidean
diffusion towards flat electrode with the time-independent
constant area Aea as shown in Eq. (8) [38]. Consequently,
the enhancement of lithium transport due to the surface
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Fig. 7 Potentiostatic current transients calculated from the flat Li1��
CoO2 film electrode with dF=2.0 and the fractal Li1��CoO2 film
electrodes with dF=2.02, 2.06 and 2.10 by dropping the electrode
potential of 4.2 to 3.9 VLi/Li+ under the cell-impedance-controlled
constraint at the electrode/electrolyte interface along with the
impermeable constraint at the electrode/current collector interface.
The values of the electrode thickness L and the internal cell
resistance Rcell at 4.2 VLi/Li+ are fixed as 2.0 μm and 10.0 Ω,
respectively [64]
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Fig. 8 Plots of the peak current Ipeak vs the potential scan rate ν
theoretically calculated from the flat Li1��CoO2 film electrode with
dF=2.0 and the fractal Li1��CoO2 film electrodes with dF=2.02, 2.06
and 2.10 by scanning the applied potential from 4.3 to 3.5 VLi/Li+ at
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impermeable constraint at the electrode/current collector interface.
The values of the electrode thickness L and the internal cell
resistance Rcell at 4.2 VLi/Li+ are fixed as 5.0 μm and 39.0 Ω,
respectively [64]
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roughness characterised by dF is exclusively determined by
the real increase in AF(t).

Furthermore, Go and Pyun [64] investigated the effect of
Rcell on the cell-impedance-controlled lithium transport.
Contrary to the effect of dF on the lithium transport, as Rcell

increased, the values of tch and I until tch in the PCT in-
creased and decreased, respectively, and the values of Ipeak
and νch in the LSV just decreased. From this fact, we can
realise that the beneficial contribution of the surface rough-
ness to the cell-impedance-controlled lithium transport
counterbalances that detrimental contribution of the internal
cell resistance. Recently, the above theoretical results of Go
and Pyun [64] have been confirmed by their experimental
work using the Li1��CoO2 film electrodes with fractal
surface [65].

Concluding remarks

In this review, anomalous diffusion towards and from fractal
interface was explained for both diffusion-controlled and
non-diffusion-controlled transfer processes. When diffusion
is coupled with facile charge-transfer reaction, the electro-
chemical responses at fractal interface were treated with the
help of the analytical solutions to the generalised diffusion
equation (GDE). However, when diffusion is coupled with
sluggish charge-transfer reaction, the description of the elec-
trochemical responses at fractal interface was complicated.

In this respect, the theoretical [61, 64] and experimental
[65, 66] studies of Pyun and his coworkers on atom transport
through the intercalation electrode with fractal surface under
the non-diffusion-controlled constraint may provide a guide-
line in analysing the electrochemical responses at fractal
interface for non-diffusion-controlled transfer processes.

In conclusion, the numerical analysis of diffusion towards
and from fractal interface can be widely used as a powerful
tool to elucidate the transport phenomena of mass (ion for
electrolyte and atom for intercalation electrode) across fractal
interface whatever controls the overall transfer process.

Notation

Aea Time-independent electrochemi-
cally active area of flat interface
(m2)

AF(t) Time-dependent area of fractal
interface (m2)

b Constant in Weierstrass function
fWS

c(x,t) Local concentration of diffusing
species (mol cm−3)

cb Bulk concentration of the diffus-
ing species (mol cm−3)

cOx(0,t) Surface concentration of Ox (mol
cm−3)

cRed(0,t) Surface concentration of Red
(mol cm−3)

eD Chemical diffusivity of diffusing
species (cm2 s−1)eDF tð Þ Time-dependent diffusivity (cm2

s−1)eDLi Lithium diffusivity (cm2 s−1)eD� Fractional diffusivity cm2sdF�3
	 


dF Fractal dimension
dF,sa Self-affine fractal dimension
dF,ss Self-similar fractal dimensions
dW Anomalous diffusion exponent
E Electrode potential (V)
E(t) Electrode potential as a function

of the time t(V)
E1/2 Half-wave potential (V)
Eapp Applied potential (V)
Eini Initial electrode potential (V)
Erev Reversible potential (V)
ΔE Potential step (V)
F Faraday constant (=96,487 C

mol−1)
f Dimensionless conversion factor
fWS Weierstrass function
I Current (A)
I(t) Current as a function of the time t

(A)
I0 Exchange current (A)
Iapp Applied current (A)
Ipeak Peak current (A)
J(t) Macroscopic flow of an exten-

sive quantity across fractal inter-
face (mol cm−2 s−1)

JE(x,t) Flow at planar interface given by
Fick’s first law (mol cm−2 s−1)

JF(x,t) Flow at fractal interface (mol
cm−2 s−1)

K Constant in the definition of the
fractional diffusivity eD�

K0 Constant in the generalised trans-
fer equation of Eq. (3)

k Dimensionless constant in the
definition of the time-dependent
area of fractal interface AF(t)

k0 Rate constant of charge-transfer
N Constant in Weierstrass function

fWS

R Gas constant (=8.314 J mol−1

K−1)
Rcell Internal cell resistance (Ω)
T Temperature (K)
t Time (s)
tch Characteristic time (s)
Wtr Dimensionless jump probability

of hydrogen
ΔX(t) Local driving force
x Dimensionless hydrogen content

in MHx

x Distance from fractal interface
(m)
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Zd(ω) Diffusion impedance (Ω)
z Valence of the diffusing species
Greek
α Transfer coefficient for hydrogen

reduction
(1−α) Transfer coefficient for hydrogen

oxidation
ɛ Constant less than unity
Γ(y) Gamma function of y
ν Potential scan rate (V s−1)
ν0 Slow threshold scan rate (V s−1)
νch Characteristic scan rate (V s−1)
θ Phase angle
τ Transition time (s)
τ0 Temporal outer cut-off (s)
ω Angular frequency
Mathematical operator
* Convolution operator
∂ν/∂tν Riemann–Liouville mathemat-

ical operator of a fractional
derivative
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